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ABSTRACT 

A thorough classification of the topologies of compact homogeneous universes is given 
except for the hyperbolic spaces, and their global degrees of freedom are completely worked 
out. To obtain compact universes, spatial points are identified by discrete subgroups of the 
isometry group of the generalized Thurston geometries, which are related to the Bianchi 
and the Kantowski-Sachs-Nariai universes. Corresponding to this procedure their total 
degrees of freedom are shown to be categorised into those of the universal covering space 
and the Teichmuller parameters. The former are given by constructing homogeneous 
metrics on simply connected manifold. The Teichmuller spaces are also given by explicitly 
constructing expressions for the discrete subgroups of the isometry group. 
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1 Introduction 



In the standard cosmology we normally assume homogeneity and isotropy of the 
universe. On the basis of this cosmological principle the Friedmann-Robertson- Walker 
metric is constructed and Big-Bang Cosmology has been successfully developed in the 
theory of Einstein gravity [p]]. The homogeneous but anisotropic universe models, the 
Bianchi [||, [| and the Kantowski-Sachs-Nariai universes 0, |5|, have been studied from 
various motivations ||, many of which contribute to grasp aspects of more general and 
more complicated situations in general relativity or in cosmology. For example, people 
have attempted to clarify the properties of the initial singularity and also attacked the 
basic problem why the present universe looks so isotropic by studying the time evolution 
of the homogeneous anisotropic models 0. The investigation of compact universes may 
be important when we are interested in the possibility of our universe to have a non-trivial 
topology or its topology change. The former aspect was studied by Fang and Sato || and 
by Ellis in a special model of torus universe. For the latter we note that the famous 
theorem by Geroch |10| on topology change assumes the compactness of spatial manifold. 
It will be more intriguing to study the geometries of compact (locally) homogeneous 
universes when we investigate minisuperspace models in quantum gravity. There it is 
necessary to make explicit the global degrees of freedom corresponding to deformation of 
the compact universes. 

For such investigations, we need a classification of compact homogeneous spaces hav- 
ing nontrivial topologies, which are not considered in the traditional Bianchi classification. 
Ashtekar and Samuel |T2| investigated global degrees of freedom of compact locally homo- 
geneous universes. However, it seems to us that their definition of locally homogeneous 
spaces is so restrictive that many possible types of compact universes are excluded. For 
example, in the Bianchi V model, they have excluded the compact hyperbolic spaces by 
restricting the identifications used in the compactification to those in the 3-dimensional 
Bianchi V group. In fact, the Bianchi V model can be compactified by using the largest 
6-dimensional isometry group PSL(2,C) D Bianchi V group. Our definition and treat- 
ment of locally homogeneous spaces, which is overviewed below, may be more natural and 
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general and coincides with the one adopted by mathematicians. 

In a modern point of view, the term "geometry" is used in a specific sense. It is a pair 
of a manifold X and a group G acting on X transitively with compact point stabilizer 
(i.e., the isotropy subgroup of G at any point of X is compact). A geometry (X,G) is 
an alternative expression of a homogeneous Riemannian manifold (X, g a b), since we can 
always construct the G-invariant metric g a b in an appropriate manner. Thurston 
(see also JTTJ) proved that any maximal and simply connected 3-dimensional geometry 
which admits a compact quotient is equivalent to one of the so-called Thurston eight 
geometries. Here, the term "maximal" is defined with respect to inclusion of the group 
G. In other words, maximal geometries are the spaces having such a large symmetry that 
no extra symmetry can be added. The maximality, however, restricts possible universal 
covers of compact locally homogeneous spaces. By extending the Thurston's results to 
nonmaximal geometries, we shall show a physically relevant theorem, and give the explicit 
forms of the universal cover metrics. We emphasize that all three-dimensional compact 
homogeneous manifolds can be obtained from the universal covers with the metrics given 
in the generalized theorem. We call the parameters in the metrics the universal cover 
parameters. 

Compact homogeneous spaces can be obtained, as already inferred, by identifying 
the points of the universal covers which are mapped to one another by the action of an 
appropriate discrete subgroup of the isometry group. This may be well described by the 
following projection 

7T : M -> M = M/r, (1) 

where M is a universal covering space, T the discrete isometry group and M the compact 
homogeneous space expressed by the projection it. It is worth noting that T is isomorphic 
to the fundamental group of M, 7Ti(M). The Teichmiiller deformations are expressed 
by smooth deformations of V . Hence, it is evident that the Teichmiiller deformations 
preserve local quantities such as curvature, whereas the deformations of a universal cover 
metric alter them. We shall present the possible expressions of V explicitly. We call the 
parameters in V the Teichmiiller parameters. 

The total (geometrical) degrees of freedom of a compact locally homogeneous space 
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is defined as the number of the universal cover parameters plus the number of the Te- 
ichmiiller parameters. For example, we shall see that Bianchi IX universe has two degrees 
of freedom of the universal cover and no Teichmuller deformations, and that Bianchi VI(0) 
universe has one universal cover parameter and one Teichmuller parameter. 

In this paper, we will not discuss the dynamics of the compact spaces. The Einstein 
gravity will be investigated for the compact locally homogeneous universes in a separate 
paper. 

The organization of the present paper is the following. In section 2, some mathemati- 
cal preliminaries are presented to clearly define compact locally homogeneous spaces and 
the Teichmuller deformation. We also explain Thurston's theorem which plays a central 
role in the present work and the eight geometries which appear in the theorem. The homo- 
geneity preserving diffeomorphism is also defined. In section 3, we describe the definition 
of the compact locally homogeneous cosmological models in terms of the mathematical 
terminologies explained in section 2. In section 4, we give a complete classification of the 
types of universal covers M. The compact quotients M = M/T are explicitly constructed 
in section 5, except for the compact hyperbolic 3-geometries. The final section is devoted 
to conclusion and discussions. 

In the Appendix we present a proof that shows why Bianchi Class B geometries and 
(R 3 , SL(2, R)) do not admit compact quotients if one uses the Bianchi groups to find the 
discrete subgroup T. 



2 Mathematical preliminaries 

In this section we explain briefly and without proofs the mathematical terms and 
facts which we will use in what follows. In Sec. |2.1| we give the definition and the feature 



of locally homogeneous manifolds. In Sec. 2.2 we explain the theorem of Thurston which 



will play a great role in this paper. In Sec. 2. 3 we give the definition of the Teichmuller 



space. In Sec. |2.4| we briefly explain each of the Thurston geometries. The proofs and 
more details may be found in Wolf |14| and Scott 
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2.1 Locally homogeneous spaces 

A metric on a manifold M is said to be (globally) homogeneous if the isometry group 
acts transitively on M, i.e. for any points p, q e M there exists an isometry which takes 
p into q. A metric on a manifold M is said to be locally homogeneous if for any points 
p, q G M there exist neighborhoods U, V and an isometry (U,p) — > (V, g). The difference 
between global and local homogeneity is that in the latter case the isometry may not be 
globally defined. 

Any locally homogeneous manifold is diffeomorphic to the quotient of a simply con- 
nected homogeneous manifold by a discrete subgroup of the isometry group. Let M be an 
arcwise connected compact manifold with a complete locally homogeneous metric. Any 
arcwise connected manifold M has a unique universal covering manifold M up to diffeo- 
morphisms. M has a natural metric inherited from M which is the pullback of the metric 
on M by the projection M — > M. This defines a complete locally homogeneous metric 



on M. It is a theorem of Singer [15| that a complete locally homogeneous metric on a 
simply connected manifold is homogeneous. Therefore the metric on M is homogeneous 
and M is diffeomorphic to IsomM/K where IsomM is the isometry group of M and K is 
the stabiliser of a point in M. if is a compact subgroup of IsomM. Let T be the group 
of covering transformations, which is isomorphic to the fundamental group 7Ti(M) of M. 
An element of T is obviously an isometry. It follows that T is a subgroup of IsomM. 
Thus M is realized as M/T. We restrict our attention to orientable manifolds. Then 
each element of T must preserve the orientation of M. This means that in order to get 
orientable manifolds one has only to replace IsomM in the above discussion by Isom + M, 
the orientation preserving subgroup of IsomM. 

Conversely, a quotient space of a homogeneous Riemannian manifold by an appropriate 
subgroup of the isometry group is locally homogeneous. Let A be a manifold with a 
complete homogeneous metric, IsomX be its isometry group, K be & stabiliser of a point, 
and T be a subgroup of IsomX. X/Y is Hausdorff if V acts properly dis continuously 
on X, i.e. for any compact subset C of X, {7 e T | 7C H C 7^ 0} is finite. F acts 
properly discontinuously on X if and only if T is a discrete subgroup of IsomX. X/Y is a 
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Riemannian manifold if and only if T acts freely on X, i.e. the stabilizer of T is trivial. 
If T does not necessarily act freely then X/Y is an orbifold, i.e. a Hausdorff, paracompact 
space which is locally homeomorphic to the quotient space of R n by a finite group action. 
Evidently X/Y is locally homogeneous if it is a Riemannian manifold. As a result, X/Y 
is a locally homogeneous Riemannian manifold if Y is a discrete subgroup of IsomX and 
acts freely on X. So our task is to find out all possible discrete subgroups Y of IsomX 
which acts freely on X and makes X/Y compact. 

2.2 Geometries and Thurston's theorem 

In order to state precisely and take advantage of the result obtained in the recent 
study in 3-manifolds, we use the term 'geometry' in a specific sense. A geometry is 
a pair (X, G) where X is a manifold and G is a group acting transitively on X with 
compact point stabilizers. Geometries (X, G) and (X', G') are equivalent if there is a 
diffeomorphism : X — > X' with (f) : g ^ (f) o g o cj)' 1 being an isomorphism from G onto 
G' . Let us call <fi an equivalence map. A geometry (X, G') is a subgeometry of (X, G) if 
G" is a subgroup of G. A geometry is maximal if it is not a proper subgeometry of any 
geometries. 

Although a geometry (X, G) is merely a pair of a manifold X and a group G and 
has nothing to do with Riemannian metrics on X itself, one can discuss homogeneous 
Riemannian metrics from the viewpoint of geometries. This is because one can construct 
a complete homogeneous metric from a geometry (X, G) as follows. Give a random 
positive definite quadratic form on the tangent space T p of a point p of X. Average it on 
p by the invariant volume form of the compact stabilizer G p , having a Gp-invariant inner 
product on T p . Carry the quadratic form to each point in X by the action of G which acts 
transitively on X, having the G- invariant metric on X. Note that there may be many 
possible Riemannian metrics on X which correspond to a geometry (X, G) . Note also 
that G is not necessarily the isometry group itself but a subgroup of it. 

We now quote the theorem of Thurston which is of great use in classifying all compact, 
locally homogeneous spaces. 
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THEOREM 1 (Thurston f[5|) Any maximal, simply connected 3-dimensional geometry 
which admits a compact quotient is equivalent to the geometry (X, IsomX) where X is 
one of E 3 , H 3 , S 3 , S 2 x R, H 2 x R, SL(2,R), Nil, or Sol. 



A brief proof can be found in Scott [II]. Each X in the theorem is a manifold with a 
certain 'standard' Riemannian metric on it. Note that this Riemannian metric on X is 
not of essential importance in the theorem but is simply useful to express a group G in a 
geometry (X, G) as IsomX and the action of G on X. For example, (E 3 , IsoulE 3 ) means 
the same as (R 3 , 10(3)). A brief explanation of all geometries is given in Sec. |2.4j . 

One important feature of the Thurston geometries is that the compact quotients mod- 
eled on the six of them apart from H 3 and Sol admit Seifert bundle structures. A Seifert 
bundle structure is an extended idea of an ^-bundle structure over a 2-surface. Though 
Seifert bundle itself is a 3-manifold, the 'base space' may be an orbifold and the fiber at 
a singular point of the base (critical fiber) does not have to continue smoothly to those 
of neighboring points (regular fibers). The singular points of the base are always cone 
points if the total space is orientable. An orientable Seifert bundle is specified by the 
base orbifold, S^-bundle over a 2-manifold obtained by removing cone points from the 
base orbifold, Seifert invariants (a, 13) of each critical fiber, and the "Euler number" e. 
The Seifert invariants (at, 0) are integers and determine the relation of a critical fiber 
and its neighboring fibers; a turns along the critical fiber is equal to —f3 turns along the 
regular fiber. The Euler number e is an integer which tells the nontriviality of the bundle. 
Regarding a manifold as a Seifert bundle makes it easier to investigate it geometrically, 
especially in considering possible deformations of it. 



2.3 The Teichmiiller space 

We give the definition of the Teichmiiller space of a locally homogeneous manifold. 
Let M be a simply connected homogeneous Riemannian manifold with its metric h^ 
fixed. Let M be a quotient of M by a discrete subgroup T of IsomM. The Teichmiiller 
space of M is the space of all smooth deformations of M irrespective of its size, keeping 
the condition that M is a quotient of (M, h a b)- 
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Let us put it more precisely. Let Rep(M ) denote the space of all discrete and faithful 
representations p : ni(M) — > Isom + M. Let us call a diffeomorphism : M — > M a global 
conformal isometry if $Ji a b = const. ■ h^. Let us define a relation ~ in Rep(M) such that 
p ~ p' holds if there exists a global conformal isometry <p of M connected to the identity 
which gives p'{a) = <po p(a) o0 _1 for any a G 7i"i(M). It defines an equivalence relation in 
Rep(M). We define the Teichmuller space as 

Teich(M) = Rep(M) / ~ . (2) 

The Teichmuller space is a manifold. The numbers used to parametrize the Teichmuller 
space are called the Teichmuller parameters. 

If two representations p and p' correspond to the same point in Teich(M), the above 
global conformal isometry on M induces a well-defined global conformal isometry from 
M/T onto M/V, where T = p(7ti(M)) and V = p'(7r 1 (M)). This is because for any 7 G T 
there exists unique 7' G V such that ^07 = j'ocf), which guarantees that <j)(M /T) = M/V. 



We will see in Sec. [4.2| that homogeneous manifolds M except for the flat space have 
no global conformal isometries other than isometries. 

In this case, the Teichmuller space is Rep(M) modulo conjugation by Isom M. In the 
case of the flat space, the Teichmuller space is Rep(M) modulo conjugation by Isom M 
and modulo total size. 

The Teichmuller parameters constitute a subset of dynamical variables of locally ho- 
mogeneous universes. 

2.4 The Thurston geometries 

In this section we explain the metric and the isometry group of the eight Thurston 
geometries. 

2.4.1 E 3 

E 3 is the 3-dimensional flat Riemannian manifold. The standard metric is 

ds 2 = dx 2 + dy 2 + dz 2 (3) 
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and an isometry is expressed as 

(?(x)=Rx + a (4) 

where R is a 3 x 3 orthogonal matrix and a is a constant vector. The above transformations 
form a group and we denote it by 10(3). To preserve the orientation R must be a rotation 
matrix, and the corresponding transformations form a subgroup, ISO (3), of 10(3). 
The generators of 10(3) or IS0(3), i.e. Killing vectors of E 3 , are the following: 

d_ 

dx' 
d_ 

dy' 
d_ 



K 3 
K 6 



d 

-z— + 



d_ 

dz 
d 



oz 



dy 
d 

~ X 7T + Z a ■ 
oz ox 

_ d_ d_ 

^ dx dy 



(5) 



The first three vector fields represent infinitesimal translations while the last three repre- 
sent infinitesimal rotations. 



2.4.2 Nil 



^ 1 x z ^ 



Nil is the group of the matrices of the form 



1 y 
1 

tiplication. In other words, the multiplication is defined by 



V 



with ordinary matrix mul- 



(a, b, c)(x, y,z) = (a + x,b + y,c + z + ay). 



(6) 



The standard metric is one of left-invariant metrics. A basis of left-invariant 1-forms is 



a 1 = dz — xdy, a 2 = dx, a 3 = dy. 



(7) 



The standard metric is 



ds 2 = 



(a 1 ) 2 + (a 2 ) 2 + (a 3 ) 2 



= dx 2 + dy 2 + (dz — xdyY 



(8) 



The isometry group of course has Nil as its subgroup. There is an additional 1-parameter 
family of isometries isomorphic to U(l). It is written as 



s e : 



y 

\ z J 



I 



( 



Re 



x 



\ 



(0 < 9 < 2tt) 



(9) 



z + \{{x 2 — y 2 ) cos9 — 2xysm9) sin9 

where Re is the 2-dimensional rotation matrix of angle 9. Therefore the isometry group 
is 4-dimensional. The isometry group has two components. A discrete isometry is given 
by 

(x,y,z) i-> (x, -y, -z). (10) 
All isometries preserve the orientation of Nil. 



2.4.3 H 2 x R 



The standard metric is 



ds 2 



-Xdx 2 + dy 2 ) + dz 2 



(11) 



where x, y, z e R and y > 0. The isometry group is Isomif 2 x IsomR hence an isometry 
is written as (a, (3) where a G IsomH 2 ,/3 G IsomR. 

2.4.4 SL(2,R) 

SL(2, R) is the universal covering group of SL(2,R). The standard metric on SL(2, R) 
is one of left invariant metrics. 

This Riemannian manifold can be regarded as the universal cover of the unit tangent 
bundle UH 2 of the hyperbolic 2-surface H 2 . A tangent bundle of a Riemannian manifold 
has a natural metric induced from the base manifold. The induced metric is completely 
determined by the metric on the base space. So an isometry on the base space induces 
an isometry on the tangent bundle. We do not explain how to construct the metric on 
the tangent bundle in general and simply show the explicit form in the case of H 2 . 

Let us parametrize UH 2 by (x,y,z) where (x,y) G H 2 and < z < 2n. In terms of 
the tangent bundle TH 2 , the point (x,y,z) in UH 2 denotes the tangent vector (X,Y) = 
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(y cos z,y sin z) at (x,y) G H 2 . Let us denote (x,y) = (x 1 ,^ 2 ), (X,Y) = (X X ,X 2 ) and 
the metric on H 2 by ^h^. We define the covariant total derivative of a tangent vector 
(X\X 2 ) by 

aw 

DI" = dx v WV„X» + dz — — (12) 

oz 

where ^V^ is the covariant derivative associated with ^h^ u and Greek indices run from 
1 to 2. The metric on UH 2 induced from H 2 is 

ds 2 = Wh^dafda? + ^h^DX^DY" 

= \(dx 2 + dy 2 + (dx + ydz) 2 ). (13) 

y 

We get the universal cover UH 2 by simply replacing the condition < z < 2ir by the con- 
dition zGR. The isometry group of SL(2, R) is 4-dimensional which includes SL(2,R). 
SL(2, R) is induced from the isometry group PSL(2,R) of the base. The additional isome- 
tries come from the maps which rotate the unit tangent vectors by the same angle, i.e. 
send (x, y, z) to (x, y,z + c) with some c G R. 

2.4.5 H 3 

H 3 is the 3-dimensional hyperbolic space which has the standard metric 

ds 2 = \(dx 2 + dy 2 + dz 2 ). (14) 

z 2 

An isometry is well expressed in terms of quaternion. A quaternion q is a number 
which can be written as q = a + bi + cj + dk(a,b,c,d G R). All quaternions form a 
non-Abelian field. The multiplication rules for and k are ij = —ji = k,jk = —kj = 
i,ki — —ik = j. An isometry of H 3 is expressed as 

q ^ {aq + b){cq + dy 1 (15) 

where 

q = x + yi + zj, z > (16) 

and 

a, b,c,d G C, ad — be = 1. (17) 

These transformations form a Lie group PSL(2,C) = SL(2,C)/{±1}. All isometries 
preserve the orientation of H 3 . 
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2.4.6 Sol 



Sol is the 3- dimensional group with the following multiplication rule: 



( \ ( \ 

a x 

b 



V c 7 V z i 

A basis of left invariant 1-forms are 



a + e~ x 
b + e c y 
c + z 



\ 



(18) 



a 1 = e z dx, a 2 = e z dy, a 3 = dz. 

The standard metric is one of left-invariant metrics and is given by 

ds 2 = (a 1 ) 2 + (a 2 ) 2 + (a 3 ) 2 
= e 2z dx 2 + e~ 2z dy 2 + dz 2 . 



(19) 



(20) 



The identity component of the isometry group is Sol itself. The discrete isometries are 



(x,y,z) ^ (±x, ±y,z), 
(x,y,z) ^ (±y,±x,-z). 



(21) 
(22) 



Therefore IsomSol has eight components. Four of them connected to the following ele- 
ments are orientation preserving: 



(x,y,z) 
(x,y,z) 
(x,y,z) 
(x,y,z) 



(x,y,z), 
(-x, -y,z), 
(y,x,-z), 

(-y,-x,-z). 



(23) 
(24) 
(25) 
(26) 



2.4.7 S 3 

S 3 is the unit 3-sphere, the unit sphere embedded in E 4 , and has a metric induced 
from E 4 . So the isometry group is 0(4) and its orientation preserving subgroup is SO(4). 
S 3 is diffeomorphic to SU(2). It is known that SO(4) is isomorphic to (SU(2) x SU(2))/Z 2 , 
i.e. there is a homomorphism $ from SU(2) x SU(2) onto SO(4) and the kernel is {±1}. 
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The action of (gi, g 2 ) G SU(2) x SU(2) on p G S 3 is p i— > gipg 2 1 where multiplications are 
those of SU(2). Indeed the action of (91,92) and ( — 9i, -92) on SU(2) are the same. 

Let us introduce a coordinate system. An element of SU(2) is written as 



p = e «X3/2 e /3x2/2 e 7X3/2 (27) 



where 



1 -i 



Xi 



-i 



X2 




( -i 



V 



i 



(28) 



and 



< a < 4tt, < < 2tt, < 7 < vr. (29) 

A basis of left-invariant 1-forms {a 1 } is defined as the component of the matrix p~ l dp of 
left- invariant 1-forms: 



<l> --- o ' 

The basis {<Tj} of left-invariant 1-forms is 



p-Hp = (30) 



U\ — — sin (3 cos jda + sin ^ydfl, 
a 2 = sin (5 sin 7^0; + cos jd(3, 

0-3 = cos /3c?q; + c/7. (31) 

The standard metric is bi-invariant in the point of view that S* 3 is identified with 
SU(2). It can be written as 

ds 2 = (a 1 ) 2 + (a 2 ) 2 + (a 2 ) 2 

= da 2 + d{3 2 + d-f 2 + 2 cos (3 dad-f. (32) 

2.4.8 S 2 x R 

S 2 x R is a direct product of a 2-sphere S* 2 and a line R. S* 2 can be considered as 
a unit sphere in E 3 which has the metric dl 2 induced from E 3 . The standard metric of 
S 2 x R is 

ds 2 = dl 2 + ds 2 . (33) 
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The isometry group of S 2 is 0(3) and its orientation preserving subgroup is SO (3). An 
isometry of R is a translation or a reflection at a point. A translation preserves the 
orientation of R while a reflection reverses it. The isometry group of S 2 x R is IsomS 12 x 
IsomR, i.e. an isometry is expressed as (at, 0) where a is an element of 0(3) and j3 is 
a translation or a reflection of R. Since both IsomS* 2 and IsomR have two components, 
Isom(S' 2 x R) has four components. The identity component is SO (3) x R. An isometry 
(cx,/3) preserves the orientation of S 2 x R when both a and (3 are either orientation 
preserving or orientation reversing. Therefore Isom + (S' 2 x R) has two components. 

2.5 Homogeneity preserving diffeomorphisms 

Let us consider an especially important class of diffeomorphisms, homogeneity pre- 
serving diffeomorphisms fll2f . 

Let (X, G) be a geometry. A diffeomorphism on X is a homogeneity preserving 
diffeomorphism (HPD) if it preserves the action of G on X, i.e. it is the self-equivalence 
map of a geometry (X, G). If a diffeomorphism is an HPD then : g (—> o g o _1 is 
an automorphism of G, i.e. 

G Aut(G). (34) 

Group theoretically, an HPD is an element of the normalizer of G in DiffX, the group of 
all diffeomorphisms. 

A diffeomorphism induces a map 0* : TX — > TX. We show that 0* gives an auto- 
morphism of Lie algebra of G. Let Expt£ denote the 1-parameter group of transformations 
generated by a vector field £ on X. Let Alg(G) denote the Lie algebra of G, the space of 
vector fields on X which generate transformations in G. By definition the condition for 
to be an HPD is that : ExptA i— ► o ExptA o 0~ x is an automorphism of G, where 
A G Alg(G). For any vector field (onl and a diffeomorphism 0, 

o Expt£ o <p~ l = Expt0*£ (35) 

holds, i.e. the generator of the 1-parameter family of diffeomorphisms on the left hand 
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side is 0*£. So in particular for any A e Alg(G) we have 



o ExptA ocf) 1 = Exp£0* A 



(36) 



Therefore is an HPD if and only if 



0*Alg(G9 = Alg(G). 



(37) 



Since the restriction of 0* on Alg(G) is a linear map and preserves the commutator of 
vector fields, it is a Lie algebra automorphism, i.e. 



where Aut(Alg(G)) is the group of all Lie algebra automorphisms of Alg(G). 

Note that the converse is not true. A Lie algebra automorphism is not always induced 
from an HPD because an HPD has to be globally defined on X. 

3 Compact locally homogeneous models 

In this section we define the compact locally homogeneous universes and their physical 
degrees of freedom. 

A spacetime is represented by a pair (^M, g ab ), where is a 4-manifold and g ab 
is a Lorentzian 4-metric. We 3+1 decompose the spacetime, i.e. we think of a spacetime 
(^M, g ab ) as the time evolution of a Riemannian 3-metric h ab (t) on a 3-manifold M. We 
require that this decomposition is synchronous; the lapse function is unity and the shift 
vector vanishes. Then the 4-metric can be written as 



We say a spacetime (M, h ab {t)) to be spatially locally homogeneous if h ab {t) for every t is 
locally homogeneous. We say (M, h ab {t)) to be spatially compact if M is compact. 

Let (M, h ab (t)) be a spatially compact locally homogeneous spacetime. Let us separate 
the conformal factor a(t) from h ab (t) as 



0, G Aut(Alg(G)) 



(38) 



9ab = -V a tVfet + hah. 



(39) 



hab(t) = a 2 (t)h ab (t) 



(40) 
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and think of h a b as the dynamical variables. Therefore, the physical degrees of freedom 
are the numbers needed to parametrize h a b- Hereafter we omit the bar of h a b and simply 
denote it by h a b- 

As mentioned in the previous section, M has a unique universal cover M up to diffeo- 
morphisms, and (M,h a b(t)) is metrically diffeomorphic to (M,h a b(t))/T(t) where h ao is 
homogeneous and T is a discrete subgroup of Isom(M, h a b)- All T(t) must be isomorphic 
for all M/T(t) to have the same topology. 

Thinking of a manifold M as a quotient M/T of a simply connected homogeneous 
manifold M naturally leads us to separating the degrees of freedom of h ab into those 
of h a b and those of T, i.e. those of the universal cover (M, h a b) and the Teichmiiller 
deformations. Here we should recall that there is freedom of diffeomorphisms in giving 
a universal cover M of M. If <fi is an orientation preserving diffeomorphism from M 
onto itself, (M, h a b)/T and (M, <p*h a b)/<p o V o </> _1 are diffeomorphic metrically and have 
the same orientation. This means that different pairs of and V may give the same 
manifold (M,h ao ). To avoid this uninteresting freedom emerged from diffeomorphisms, 
and recalling that we have already put aside the conformal factor, we define the degrees 
of freedom of the universal covering manifold as those of 

{homogeneous metrics on a simply connected manifold which admit compact quotients} 
{orientation preserving diffeomorphisms} {global conformal transformations} 

(41) 

We say that there are degrees of freedom of the universal cover if these equivalence classes 
can be smoothly deformed. 

Once a metric on the universal cover M is fixed, the isometry group of M is determined. 
Remaining deformations of the manifold M are the Teichmiiller deformations. 

We investigate all homogeneous universal covers in Sec.[| and all compact quotients 
and their Teichmiiller spaces in Sec.|5]. 
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4 Types of universal covers 



In this section we give all equivalence classes of homogeneous metrics mentioned at 



the end of Sec|| We explain the method of exhausting all of them in Sec.|4.1|, and we give 
them explicitly in Sec.|4.2|. 



4.1 The method for obtaining nonmaximal universal covers 

Theorem [I] tells us all simply connected maximal geometries which admits compact 
quotients. But we want to consider a general locally homogeneous metric on a compact 
manifold, so the requirement that the geometry be maximal is too strong for our pur- 
pose. For example, Bianchi IX space does not satisfy this requirement; the geometry 
(^(topologically), SU(2)) is a subgeometry of the isotropic 3-sphere (S 3 , S0(4)). In gen- 
eral, if (X, G') is a subgeometry of (X, G) then G' is a subgroup of G and acts transitively 
on X. It follows that the the stabilizer of G' is a subgroup of that of G. In other words, a 
metric on a maximal geometry is more isotropic than those on any of its subgeometries. 

Theorem [l] says nothing about nonmaximal geometries which have compact quotients. 
Nevertheless we can show that we have only to consider subgeometries of the above 
eight geometries. Let (X, G') be a simply connected 3-geometry which admits a compact 
quotient. Then there is a discrete freely acting subgroup T' of G' which makes X/V 
compact. Let (X, G) be a maximal geometry which has (X, G') as its subgeometry. Then 
r' is a subgroup of G which makes X/Y' compact, so our maximal, simply connected 
geometry (X, G) admits compact quotients. By Theorem [1] our maximal geometry (X, G) 
is one of the eight Thurston geometries, which proves that (X, G') is a subgeometry of 
one of the eight Thurston geometries. 

Let us go back to Riemannian manifolds. If a Riemannian manifold (M, h a b) ad- 
mits compact quotients then the geometry (M, Isom + M) is a subgeometry of the eight 
Thurston maximal geometries. Our strategy is to consider all subgeometries (M, G) of 
the Thurston geometries and G-invariant metrics on M. Here we must recall that G may 
not be the isometry group itself , i.e. it may be the case that the G-invariant metric on 
M admits a larger isometry group than G. So it is necessary to find the whole Isom + M 
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in each case. Of course, if (M, h a b) and (M, h' ab ) are in the same equivalence class then 
Isom + (M, hob) and Isom + (M, h' ab ) are isomorphic. 

We adopt the following procedure to find all equivalence classes of homogeneous met- 
rics on a simply connected manifold which admit compact quotients and their isometry 
groups: 

1) List up all subgeometries (M, G) of each of the Thurston geometries. 

2) For each subgeometry (M,G), form a general G-invariant Riemannian metric h' ab 
on M. 

3) Transform the metric into a certain simple 'representative metric' h ab by diffeomor- 
phisms together with global conformal transformations and find the equivalence classes. 

4) Find the isometry group of (M, h a b). 

We thus get all possible universal covers of locally homogeneous Riemannian manifolds. 
Logically speaking, equivalence classes thus found do not necessarily have to admit com- 
pact quotients. So we have another task. 

5) Make sure whether the equivalence class really admits compact quotients. 

The Bianchi classification 0, [3| is of great use in carrying out the procedure given 
above, for it is the classification of all simply connected 3-dimensional Lie groups up 
to isomorphisms. A correspondence of the Bianchi classification to the eight Thurston 
geometries was first pointed out by Fagundes We elaborate this correspondence 

precisely in terms of geometry in order to make it applicable for our program. 

Let us say a geometry (X, G) to be minimal if it does not have a proper subgeometry. 
We can say that the Bianchi classification is the classification of 3-dimensional minimal 
geometries, for the following fact is well known: 

FACT 1 Any minimal, simply connected 3-dimensional geometry is equivalent to (X, G) 
where X = R 3 ; G =one of Bianchi I to Bianchi VIII groups; X = S 3 , G = Bianchi IX 
group; or X = S 2 x R, G = SO(3) x R. 

Let us call the minimal geometries with Bianchi groups the Bianchi minimal geometries, 
the last one the Kantowski-Sachs-Nariai (KSN) minimal geometry, and in all the Bianchi- 
Kantowski-Sachs-Nariai (BKSN) minimal geometries. 
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We emphasize that the Thurston geometries are the maximal 3-dimensional geometries 
which give compact quotients while the BKSN geometries are the minimal 3-dimensional 
geometries. 

Let us categorize Thurston's geometries (X, IsomX) by the topology of X: the one 
with X = R 3 i.e. X = E 3 , H 3 , H 2 x R, SL(2, R), Nil, or Sol; the one with X = S 3 ; and 
the one with X = S 2 x R. A Thurston geometry in the first case has at least one of 
Bianchi I to Bianchi VIII geometries as its subgeometry. The geometry (S 3 , Isom + S' 3 ) 
has Bianchi IX geometry as its subgeometry. The geometry (S 2 x R, Isom(S' 2 x R)) has 
the KSN geometry as its subgeometry. 

We explain the procedure written above in the case of the Bianchi minimal geometries. 



The case of the KSN geometry is rather easy and is discussed separately in Sec. |4.2j . There 
are two convenient feature when (X, G) is a Bianchi geometry. First, we can deal with 
the G-invariant 1-forms (a n ) a (i = 1,2,3). Any G-invariant metric h' ab can be written as 

K b = KM l U° ] )» ( 42 ) 

with h'tj being a constant matrix. Second, a Lie algebra automorphism is always induced 
from a diffeomorphism which is globally defined. 

We discuss homogeneity preserving diffeomorphisms (HPDs), because they play an 
essential role in reducing the redundant degrees of freedom of the metric. We have already 
seen in Sec.^5] that an HPD on a geometry (M, G) induces a Lie algebra automorphism 
of Alg(G), by which the invariant 1-forms transform as 

(a'% = fj(a% » (a% (43) 

where pj is a constant 3x3 matrix and a 1 and a n must satisfy the Maurer-Cartan 
equations, 

da' = -Cy'A/, (44) 

da H = —C^ka'i Aa' k . (45) 



Substituting ([43|) into ([450 an d using (§4|), we have 

P 3 Ch m = C'ji.Pif 1 ',,,. (46) 
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Conversely, given a Lie algebra automorphism f l j which satisfy ( fj6|) the corresponding 
HPD is obtained by solving a differential equation. We must introduce a coordinate system 
x = {x 1 } (i = 1,2,3) to denote a point p in M. Let (j) l {x) denote the i-th coordinate of 
<f)(p). Then we can expand a % by dx l as 

a { = a i j {x)dx j . (47) 

The primed one is the right hand side with {x 1 } replaced by {0*}: 



3^ 

^M^))%dx k . (to 



It follows from a /l = f % jcr 3 that 



a l J (^))^j: = f^k(x). (49) 
So the Jacobi matrix is 

^ = (v-'YMx)) fi ^{x). (50) 
The HPD is the solution to this differential equation. 

Analytically, eq.fl46|) is the local integrability condition for eq.([5(]). If G is a Bianchi 
group an HPD can be identified with a Lie group automorphism since the manifold M 
is diffeomorphic to G. Moreover, there is a correspondence between Lie group automor- 
phisms cf) and Lie algebra automorphisms f l j, for there is a one-to-one correspondence 
between simply connected Lie groups and Lie algebras. Therefore, in the case of the 
Bianchi geometries, the necessary and sufficient condition for f l j to be induced from an 



HPD on M is that eq.(||) holds. 

Let us reduce the redundant degrees of freedom of a general G-invariant metric by the 
degrees of freedom of HPDs and global conformal transformations. An HPD <fi transforms 



the invariant 1-forms (<J n ) a as (fl3|). By ([42]) the metric transforms as 



Hj{.o ) a yo ) b 
h{^)a{(T j )b- (51) 
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For any metric we find a transformation h'^ as ( [5l"D by diffeomorphisms to get as simple 
a metric hij as possible. 

It is more convenient to deal not with itself but with triad 1-form (e l ) a . A triad 



1-form of the metric h' ab is 



(e\ = b n j(a% (52) 

where 

Kj = SkiWi- (53) 
We are going to reduce the degrees of freedom of b n j by using the degrees of freedom of /*,- 
together with a global conformal transformation b H j = ah 1 j i— > b l j to obtain a simple b l j. 
Note that infinitely many b H j correspond to the same h'^; in fact b H j and r l kb' k j correspond 
to the same h!^ = 5kib' k ib' l j if r l j E 0(3). Therefore the condition for h'^ = 5kib' k ib' l j to 
be any positive definite symmetric matrix is for b H j to be any element of 0(3)\GL(3,R). 
The transformation law for b H j is 



b % ■ 

U j. 



We must find the matrix b l j such that 



ab\f 



expresses any element of 0(3)\GL(3,R), i.e. 

r\b' k j = ar\b k x f 3 

expresses any element of GL(3,R), where a > 0,r l j 6 0(3) and f l j satisfies (|46| 

The number U of degrees of freedom of the universal cover is 
/ 



(54) 



(55) 



(56) 



U 



V 



degrees of 
freedom of 

GL(3,R) 
/ 



^ ' degrees of 



freedom of 



degrees of 
freedom of global 

conformal transformations 
9 - 3 - 1 - dim(Aut(AlgG)) 

5-dim(Aut(AlgG)) 



V 



degrees of 
freedom of 

Lie algebra automorphisms 



(57) 
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for the Bianchi geometries except for Bianchi I geometry. A Bianchi I group-invariant 
metric has global conformal transformations. The degrees of freedom of conformal trans- 
formations (=1) is included in those of diffeomorphisms so that 

f/ = 6-dim(Aut(AlgG)). (58) 

It follows from dim(Aut(AlgG))=9 that U = 0. 



4.2 Types of universal covers 



Now we show the procedure shown in Sec. |4.1| in detail for a few of the Thurston 



maximal geometries and show the results for the others. In this section we find the 



equivalence classes which are slightly different from (41), where 'orientation preserving 
diffeomorphisms' is replaced by 'diffeomorphisms'. In Sec.fL3] we find the equivalence 
classes ( f41"|) corollary. 

4.2.1 (E 3 , IsomE 3 ) 

We have seen in Sec. |2.4| that IsoulE 3 = 10(3). A subgroup of 10(3) which acts 



transitively on R 3 must contain the translations in (^), i.e. the corresponding Lie algebra 
must contain K lt K 2 , and K 3 . The basis of possible Lie subalgebras up to isomorphisms 
are the following: 

1) A 1 = K 1 ,A 2 = K 2 ,A 3 = K 3 , (59) 

2) A 1 = K U A 2 = K 2 ,A 3 = K 3 + K e ; (60) 

3) Ax — Kx,A 2 — K 2 , A 3 — K 3 , A± — K 6 ; (61) 

4) Ai = Ki (1 < i < 6.) (62) 

The connected Lie groups corresponding to above Lie algebras are 1)R 3 (all translations) 
i.e. Bianchi I group, 2)Bianchi VII(O) group, 3)SO(2) x R 3 , and 4)ISO(3). The groups 
corresponding to minimal geometries are R 3 and Bianchi VII(O) group. SO (2) x R 3 
contains R 3 as its subgroup and ISO (3) contains both R 3 and Bianchi VII(O) group. Let 
us consider each of them in detail. 
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1)R 3 . 

The invariant 1-forms of R 3 are 



a* = dx i (i = 1, 2, 3) (63) 
where x 1 = x, x 2 = y, x 3 = z. Any R 3 -invariant metric can be written as 

Kb = h i j(.O i )a(o j )b- (64) 

Since all structure constants of R 3 vanish, (^) is trivial. This means that f l j can be any 
element of GL(3,R). In fact, by and (R^) the matrix f l j is the Jacobi matrix itself 
of an HPD so that any HPD is given by the solution of (|50|) : 



x l ^ fjx? + a\ (65) 

where f % j G GL(3,R) and a 1 is a constant vector. We can make b l j to be an identity 
matrix, which is enough for ( |56|) to express a general element of GL(3,R). Any R 3 - 
invariant metric is in the same equivalence class as the representative metric 

ds 2 = dx 2 + dy 2 + dz 2 . (66) 



The isometry group of this metric is 10(3), as given in SecfO. 

Note especially that any R 3 -invariant metric is I0(3)-invariant, i.e. its isometry group 
is isomorphic to 10(3). In this case HPDs are translations, rotations, and stretches. 
Translations of course do not change the metric because they are isometries. Using degrees 
of freedom of other two types of HPDs we can transform the metric to the standard metric. 
In fact, there is no need of global conformal transformations in this case. This comes from 
the fact that E 3 has global conformal isometries. (E 3 is the only such a manifold.) 

2)Bianchi VII(O) group. 

The invariant 1-forms of Bianchi VII(O) group are 

a 1 = cos zdx + sin zdy, a 2 = — sin zdx + cos zdy, a 3 = dz. (67) 
The nonvanishing structure constants are 

C 1 23 = — C yl 32 = C 2 3i = — C 2 i3 = 1. (68) 
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Solving ([46]) we have either 

A = - A, A = A,A = A = 0, A = 1 (69) 



or 



A = A, A = -A, A = A = o, A = -i. (ro) 



The simplest choice of the components of b l j for (p6f ) to express a general element of 
GL(3,R) is 

b l i = a,b 2 2 = a~\b 3 3 = 1, 

b { j = (the others), (71) 

where a > 1. If we rewrite the parameter a as a = e A the representative metric is 

g?s 2 = e 2A (cos2;c?x + sin zdy) 2 + e~ 2A (— sin zdx + cos zdy) 2 + dz 2 (72) 

where A > 0. The equivalence classes form a 1-parameter family. Note that the metric 
flB6|) is the special case (A = 0) of the metric ([72]). 
The isometry is either 

^> 1 (x) = ±(x cos c 3 —y sine 3 ) + c 1 , 
2 (x) = ±(x sin c 3 + y cos c 3 ) + c 2 , 

3 ( x ) = 2 + (73) 



or 



^(x) = ±(x cos c 3 — y sine 3 ) + c 1 , 



^(x) = =f(x sin c 3 + y cos c 3 ) + c 2 , 



^(s) = -2 + c 3 (74) 

where c*(i = 1,2,3) are constants. The isometry group have four components. All 
isometries are orientation preserving. The identity component of the isometry group is 
given by taking the positive signs of (|73|). It is Bianchi VII(O) group. 
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3) SO(2) x R 3 . 

The group SO(2) x R 3 has R 3 as its subgroup. So from 1) any SO(2) x R 3 -invariant 
metric is in the same equivalence class as the metric ds 2 = dx 2 + dy 2 + dz 2 , and hence is 
IO(3)-invariant. 

4) ISO(3). 

Any ISO(3)-invariant metric is IO(3)-invariant. 

4.2.2 (Nil,IsomNil) 

Nil is the only minimal subgroup of the group IsomNil. All Nil-invariant metrics are 
in the same equivalence class as the representative metric 

ds 2 = dx 2 + dy 2 + (dz — xdy) 2 . (75) 



Its isometry group is already given explicitly in Sec. |2.4.2j . The isometry group is 4- 
dimensional. 

4.2.3 (H 2 x R, Isom(# 2 x R)) 

The subgeometries of the geometry (H 2 x R, lsom(H 2 x R)) with connected Lie groups 
are Bianchi III geometry and (H 2 x R, Isonio(i/ 2 x R)). 

The isometry group of a general Bianchi Ill-invariant metric is 3-dimensional and 
its identity component is Bianchi III group itself. This group does not admit compact 
quotients (Appendix) and will not be discussed further. 

Any Isom (-ff 2 x R)-invariant metric is equivalent to 

ds 2 = \{dx 2 + dy 2 ) + dz 2 , (76) 

y 

which is the standard metric appeared in Sec. |2.4.3| where its isometry group lsom(H 2 x R) 
is also given. 

4.2.4 (SL(2,R),IsomSL(2,R)) 

Transitively acting, connected subgroups of the group IsomSL(2,R) are Bianchi III 
group, Bianchi VIII group = SL(2,R), and Isom SL(2, R). The first two correspond to 
minimal subgeometries. 
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General Bianchi Ill-invariant metrics do not admit compact quotients; general SL(2, R)- 
invariant metrics do not admit compact quotients either (Appendix). Only IsonioSL(2, R)- 
invariant metrics admit compact quotients. 

The representative metric is of the form 

ds 2 = h e (2 ^ x (dx 2 + dy 2 ) + e-^^ x (dx + ydz) 2 ), (77) 
V 

which forms a one parameter family. The isometry group is found to be IsomSL(2,R) 



explained in Sec. 2. 4. 4. 



4.2.5 (# 3 ,PSL(2,C)) 

The group PSL(2,C) has two minimal subgroups, Bianchi V group and Bianchi VII(A) 
group. Any subgroup of PSL(2,C) has either of them as its subgroup. 
The representative metric of the Bianchi V-invariant metrics is 

ds 2 = — (dx 2 + dy 2 + dz 2 ). (78) 

z l 

Any Bianchi V-invariant metric is PSL(2,C)-invariant. 

The representative metric of the Bianchi VII(A)-invariant metric is 

ds 2 = a 2 e 2Az (cos zdx + sin zdy) 2 + a~ 2 e 2Az (— sin zdx + cos zdy) 2 + dz 2 (79) 

where a > 1. Its isometry group is 3-dimensional and has two components. All isometries 
preserve the orientation. The identity component is Bianchi VII(A) group itself. The 



metric (|78|) is a special case of the metric (|79|). However, Bianchi VII(A) geometry does 
not admit compact quotients (Appendix). 

4.2.6 (Sol,IsomSol) 

The geometries (Sol, Isom Sol) = (R 3 , Sol) are the only subgeometry of (Sol,IsomSol) 
with a connected group. The representative metric is 

ds 2 = ^e 2X (e z dx + e~ z dy) 2 + l -e~ 2X (-e z dx + e-' z dy) 2 + dz 2 . (80) 

The equivalence classes form a one parameter family. The isometry group is Isom + Sol for 



A 7^ and IsomSol for A = 0, which are mentioned in Sec. |2.4.€ 
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4.2.7 (S 3 ,0(4)) 

The group 0(4) has Bianchi IX group i.e. SU(2) as its minimal subgeometry. The 
representative metric is 

ds 2 = e 2(X + /V3+\-)( a iy + e 2(A + /v^3-A_) ((T 2 )2 + e ~(4/^)X + ^3)2 (gl) 



where {a 1 } (i=l,2,3) is a basis of left-invariant 1-forms given in Sec. |2.4.7] . The equiv- 
alence classes form a two parameter family. The isometry group is found to have four 
components; the identity component is SU(2) itself. The discrete isometries are written 

as 

p^PXi (i = 1,2,3). (82) 

If we put A_ = 0, then the isometry group becomes larger. Its identity component is 
(SU(2) x U(l))/Z2. It has two components and the discrete isometry is 

V i-* PX3- (83) 



Here the action of U(l) is the right multiplication of a matrix of the form 

' e~ id 

to the element of SU(2). If we further put A + = 0, then the isometry group is 0(4). 



4.2.8 (S 2 x R,Isom(S 2 x R)) 

The Thurston geometry (S 2 x R, Isom(5 2 x R)) has the KSN geometry (S 2 x 
R, SO (3) x R) as its minimal subgeometry. The group SO (3) x R is the identity component 
of Isom(5 2 x R). 

Let us parametrize points in S 2 x R by (r, 9, z) where < r < tt, —tt < 6 < it and 
z G R. Any SO (3) x R-invariant metric can be written as 

ds 2 = a 2 dl 2 + b 2 dz 2 , (84) 

where dl 2 is the metric on S 2 : 

dl 2 = dr 2 + sm 2 rd9 2 . (85) 
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Transforming the metric by the diffeomorphism (r, 6, az) \— > (r, 6 1 , te) and by the global 
conformal transformation h! { - \— > = a -2 /^-, we get the representative metric 

ds 2 = d/ 2 + ^ 2 . (86) 
This is the same as the standard metric in Sec.|2.4.8] and hence the isometry group is 



Isom(S 2 x R). 

4.3 Summary of the section 

Let us summarize the result in this section as a theorem. 

THEOREM 2 Any simply connected 3- dimensional Riemannian manifold which admits 
a compact quotient is one of the types in Table 1 up to diffeomorphism and global conformal 
transformation. 

Now we give equivalence classes ( [HP which give the universal covers of all orientable 
compact locally homogeneous Riemannian manifolds. 

THEOREM 3 Any simply connected 3-dimensional Riemannian manifold which admits 
a compact quotient is one of the types in Table 2 up to orientation preserving diffeomor- 
phism and global conformal transformation. 

Let us give a brief proof. If a manifold M has an orientation reversing isometry the 
result is the same as Theorem || above; if not, (M, g a b) and (M, r*g a b) are not in the same 
equivalence class but have isomorphic isometry groups, where r is an orientation reversing 
diffeomorphism. An orientation reversing diffeomorphism is well expressed by the group 
multiplication of the minimal subgeometry for types a to g, namely r : p f— > p^ 1 . This 
map carries a left multiplication to a right multiplication. It can be easily verified by 
exhaustion that there is an orientation reversing isometry if and only if r is an isometry, 
i.e. the left-invariant metric is also right-invariant. Types al, b, f, gl and g2 are in the 
case of IsomM = Isom + M. In the case of Types a and f, the range of the parameter A 
must be expanded to R. In the case of Types b and gl the metric (<7i?) a & = r *{.9L)ab has 
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right invariant with respect to Nil and SU(2) respectively. In the case of Type g2 the 
metric (gR)ab = f*{gL)ab is invariant under right action of SU(2) and left action of U(l). 

The number of the degrees of freedom is that of parameters in the representative 
metric, which we call universal cover parameters. They are also characterized by free 
parameters appearing in the relative ratios of the nonvanishing principal sectional curva- 
tures. These ratios can be chosen to be dynamical variables. 



5 Compact quotients and their Teichmiiller spaces 



We shall give compact quotients modeled on each of the universal covers from Type 
a to Type h given in the previous section and give the dimension T of their Teichmiiller 
spaces. We make use of the knowledge of compact quotients modeled on the Thurston 
maximal geometries and the dimension of their Teichmiiller spaces, without proofs. The 
Teichmiiller spaces of Seifert bundles modeled on maximal geometries are discussed by 
Ohshika [IB] and Kulkarni et al. [17 . 



A quotient X/Y of a subgeometry (X, G') of a geometry (X, G) can also be viewed as 
that of (X,G). Since T is a subgroup of G' and G' is a subgroup of G, Y is a discrete 
subgroup of G, which implies X/Y is a quotient of (X, G). 

Thus, all compact locally homogeneous Riemannian manifold and their Teichmiiller 
spaces are obtained by the following procedure. 

1) Pick up a Thurston geometry X (say, E 3 ) and list up all compact locally homoge- 
neous manifolds M = X/Y modeled on (X, Isom + X). 

2) List up all types (say, Type al and Type a2) of universal covers M which is subge- 
ometries of (X, Isom + X). 

3) For each universal cover type, check whether X/Y can be modeled on (M, IsomM) 
or not by checking whether T is a subgroup of IsomM. 

4) Find their Teichmiiller spaces. 

Note that a representation p : m(M) — > Isom + M is determined by the images of the 
fixed generators of tti(M). 
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For the universal covers which have L and R types, we show the results of L type; the 
representations in R type can be obtained in the same way. 



5.1 Type a 

There are following six compact orientable quotients modeled on E 3 , i.e. Type a2. 
(Theorem 3.5.5 of 0). 

1) The fundamental group is generated by a, b, and c and the relations are 

[a, b] = aba^b' 1 = 1, [a, c] = 1, [b, c] = 1, (87) 
which will be denoted as 

7n(M) = (a, 6, c; [a, 6], [a, c], [6, c]). (88) 

Here the convention is adopted that a product ab denotes a turn of curve b followed by 
a turn of curve a, so that the same expression can be used for both an element of the 
fundamental group and an element of the discrete group in the isometry group. When 
7Ti(M) is represented in IsonxE 3 , the generators a,b, and c are translations in different 
directions. The manifold is a torus, T 3 . 

2) The fundamental group is 

7i"i(M) = (a, b, c; [a, b], cac~ a, cbc~ l b). (89) 

In Isomi? 3 , a and 6 are translations and c is a screw motion with a rotation angle 7T. So 
the direction of c must be orthogonal to those of a and b. The manifold is T 3 /Z 2 . 

3) The fundamental group is 

7Ti(M) = (a, 6, c; [a, 6], cac ft -1 , c&c -1 &a). (90) 

In Isomi? 3 , a and 6 are translations and c is a screw motion with a rotation angle 27r/3. 
The direction of c must be orthogonal to those of a and b. The vectors of translations a 
and 6 must have the same length. The manifold is T 3 /Z 3 . 

4) The fundamental group is 

7ri(M) = (a,b,c; [a,b),cac~ b~ ,cbc~ a). (91) 
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In Isomi? 3 , a and b are translations and c is a screw motion with a rotation angle ir/2. 
The direction of c must be orthogonal to those of a and b. The vectors of translations a 
and b must have the same length. The manifold is T 3 /Z4. 

5) The fundamental group is 

tti(M) = (a, 6, c; [a, 6], cac"^" 1 , cbc^b^a). (92) 

In Isomi? 3 , a and 6 are translations and c is a screw motion with a rotation angle ir/3. 
The direction of c must be orthogonal to those of a and b. The vectors of translations a 
and b must have the same length. The manifold is T 3 /Z 6 . 

6) The fundamental group is 

7Ti(M) = (a, ft, c; cafe^ 1 , ab 2 a~ l b 2 ,ba 2 b~ a 2 ) 

= (a, c; ca 2 c _1 a 2 , ac 2 a _1 c 2 ). (93) 

In Isomi? 3 , all generators are screw motions with a rotation angle tt/2. 

Let Tj(z = 1,2, ••-,6) denote the images of the representations of the fundamental 
groups from 1) to 6). We will write the quotient of the universal cover of Type a2 by Ti 
as M a2 /^i or simply as a2/l, and so forth. 

All fundamental groups have representations in Isom M a \. The first five ones do 
because Type al has translations in a plane and one screw motion in the orthogonal 
direction to the plane. The last one also does by virtue of the discrete elements of 
Isom + M a i, as we will see later. 

Let us find the representations of 7Ti(M a i/ri) 

in IsomM al . It must be faithful, discrete in Isom + M, and has no fixed points. First 
we consider the case that tti(M) is represented in Isom M a i- Let us denote an element a 
of Isom M al as 



/ \ 

CLi 
«2 



Expa 2 v4 2 o Expa^! o Expa 3 v4 3 , (94) 



where are vector fields in eq. (|60D . This is a screw motion along the z-axis followed 
by a translation in the x?/-plane. The multiplication rule for Bianchi VII(O) group is then 
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found by explicit calculations, 

V fl3 J 



ab 



a i 



a 2 



The inverse of a is 



-i 



-R. 



a i 



+ Ra 3 
«3 + h 
\ 



( 



b 2 



(95) 



do 



\ 



-a 3 



(96) 



/ 



The representation of the 7Ti(M a i/ri) is obtained by writing generators with compo- 
nents and demanding (|87D . The solution is 



a 2 

y 2/7T j 



I 6, ^ 



y 2m7r y 



c 2 



i 2n7r y 



(97) 



where Z, m and n are integers. 

Similarly, the representations including elements of IsomM not connected to the iden- 
tity are generated by a, b and c — hod where h : (x, y, z) \— > (—x, —y, z) and 



a>2 
i 2/tt y 



i 2m7r y 



V 



(9* 



Cl 

c 2 

(2n + l)vr 

where we have used that ho co h" 1 = h(c) = (— ci, — C2, C3). 

The Teichmiiller space is obtained by taking conjugacy class of discrete groups by 
Isom M =Bianchi VII(O) group, for the universal cover has no global conformal isometries. 
In the case that the generators of T is (0), the conjugate of the generators by s = 



S2 

V 33 ) 

sas~ 



G Isom M al is 



V 



a 1 
21ti 



sbs 



-1 



Rs 



bi 
bo 
2miT 



scs 



R 



S3 



Cl 

2mr 



(99) 
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We see that the vectors 



a i 



a 2 



and 



Cl 



\c 2 



are rotated by the conjugation. So 



we can choose a representative element of the equivalence class corresponding to a point 
in the Teichmuller space as 



/ \ 



2h 



1 w ^ 



2l7l7T 



where a\ > 0. In the case of (|98|) the representative is 



f c ^ 



c 2 



(100) 





1 2/tt j 



I 6, N 



62 

2mir 



,c = h 



Cl 

c 2 

(2n + l)vr 



(101) 



It follows from above that the dimension T of the Teichmuller space is five. 

Along the same line of argument, we can see that for the other fundamental groups the 
representative elements of the equivalence class corresponding to points in the Teichmuller 
space and its dimension are the following: 

/ - \ 



al/2 





V / 

/ \ 

ai 



V / 
I ^ 



«2 

2rrm 


2mir 



\ / 



v 1 








{2n + l)?r , 



(102) 





2n7T 



,c = ho 

\ 



I ^ 


2wk 



(103) 



fo/c o 



/ 



(a 2 > 0); 



(104) 





2T27T 



c = k 



v / 



c 2 

V / 



T = dim(Teich(M al /r 1 )) = 3. 



(105) 
(106) 
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al/3 : 



al/4 : 



al/5 



V J 

( \ 



,6 



V / 



T = l. 



/ \ 


V / 

/ \ 

ai 



,6 



V / 



T = l. 



a = 



( \ 



\ ° / 



\ ° / 



T = l. 



al/6 : a = hk o 



T = 2. 



R 



ai 



±2n/3 



V 



o 



/ 

R±2tt/3 

V 



ai 




V 



R±n/2 



a i 





,6 = 



R±n/2 

V 

/ / 

-R±vr/3 



V 
o 



ai 


ai 



±71-/3 



,c = ho 






(2n±|)7r y 

' 




/ \ 

ai 



y 2n7T y 



,c = k o 



C 2 



\ / 



; etc. 



V 



(2n T |)7r j 



(2n±±)vr 



,c — ho 



2> n J 






c = 



(2n T i)vr y 

\ 

; 

^ (2^ ± |)7T , 
( 



,c=ho 








(107) 



(108) 
(109) 
(110) 



(111) 
(112) 
(113) 



(114) 
(115) 
(116) 
(117) 



Here k : (x, y, z) \— > (—x, y, —z), a\ > and the double signs are taken in the same order. 
Most of the other parameters should not vanish for the representations to be faithful. We 
have used the fact that hoaoh = h(a) = (— a±, —a^ 03) and koaok = k(a) = (— a±, a 2 , —03) 
holds for any a G IsomM a i, which can be easily verified by the explicit calculation of the 
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action of h, k and a on M. 

The dimension of the Teichmiiller spaces coincide with those of Type a2. One can 
verify that the Teichmiiller parameters of Type al has corresponding ones of Type a2. 



5.2 Type b 



There are seven types of compact orientable quotients modeled on Nil i.e. Type b; 
each type consists of infinitely many manifolds. Any quotient admits a Seifert bundle 
structure over a Euclidean orbifold. 
l)S' 1 -bundle over T 2 . 



7Ti(M) = (a, b, c; [a, b]c n , [a, c], [b, c]). 



(118) 



Generators a and b correspond to the nontrivial loops of the base T 2 and c corresponds to 
that of the fiber S 1 . The first relation means that if one goes through the both nontrivial 
closed curves of the base one has turned the fiber n times. 



2) S' 1 -bundle over a Klein bottle. 
iti(M) = (a, b, c; abab~ 1 c~ n 1 [a, c], bcb~ x c). 

3) n 1 (M) = (a,b,c; [a^c'^^cac^a^cbc^b). 

4) tti(M) = (a,b,c; [a,6]c~ 3 " ^cac'H" 1 ,cbc~ x ba) . 

5) tti(M) = (a,b,c; [a,6]cT 4T \ cac^r 1 , cbc^a) . 

6) tti(M) = (a,b,c; [a, 6]c" 6n , cac^b- 1 , cbc^b^a). 

7) tti(M) = (^ca^a^c^ca 2 ^ 1 ^^ 1 ). 

Topologies are classified by a positive integer n. 

The composition of two elements a, b of Isom M b are 



ab = 



ai 

v a 3 y 



^0 

V 6 3 y 



(119) 
(120) 
(121) 
(122) 
(123) 
(124) 
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a + b 



CLi 



a 2 



( 



+ R, 



ao 



V 



b 2 



^ a 3 + 6 3 + a\{b\ sinao + b 2 cosao) + ~ b 2 ) cosa — 2bib 2 sina ) sina j 



(125) 



where 



a 1 
a 2 
\a 3 J 



Expa 3 A 3 o Expa 2 ^2 Expax^x o Expa A , 



(126) 



d d 

dx ^ dz ' 



A x = — +y—,A 2 = —,A 3 



d_ 

dy'' 



d_ 

dz' 



. d d d 1 . 9 2\ 9 



(127) 



This can be verified by writing a G Isom Mb as 



/ n \ 







V °3 J 



( n \ 



a 



V J 



(128) 





CLi 

a 2 

V J 

and use the fact that {ExptA 3 | t G R} is the center of Isom M b and that s e oqos e 1 = sg(q) 
where sg and q are isometries and sg = Exp9A and q G Nil. 

Representative elements of equivalence classes corresponding to points in Teich(M) 
are given by 



b/1: 



' N 
a 1 


V / 

T = 3. 



/ N 

b 2 
V J 



■ \ 






(129) 



(130) 
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b/2: 



b/3: 



b/4: 



b/5: 



b/6: 



I o N 



a i 


V / 

T = 2. 

( \ 
a\ 


V / 

T = 3. 

/ \ 



V / 

T= 1. 
/ \ 



,b — ho 



a = 





V / 
T = 1. 

/ N 



a = 



ai 




v y 

T = 1. 



( ^ 


V / 



, c 



' ^ 
bi 
b 2 

V J 

( I 

-R±2tt/3 

V ' 

I o N 
o 

±ai 

v y 



' ^ 





-h 
o 

\ 







±1- 



^ 2 V3n + 192 ) "l / 







/ +ZE \ 
- 1 - 2 






R 



±tt/3 



V J 



I 



±- 

-gOi 



±V f (en 64) a i / 



b/7: a = ho 



T = 2. 



/ vr \ 



ai 
\ / 









(131) 



(132) 



(133) 



(134) 



. (135) 



(136) 



(137) 



(138) 



(139) 



(140) 



(141) 



(142) 
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(143) 



Here h : (x, y, z) \— > (—x, y, —z), ai > 0, and 02, 62 7^ in all cases. We have used the fact 
that 



h> 



a 1 

V °3 J 



o ft, 



( a ^ 
— a 

—a! 

v -°3 y 



(144) 



holds for any a G IsomM b , which can be easily verified by the explicit calculation of the 
action of h and a on M. 

It can be shown that the Teichmuller space is homeomorphic to that of the base 
orbifold. So all Teichmuller parameters of quotients of Type b can be considered as those 
of the base orbifolds. 



5.3 Type c 

It is known that any compact quotient of H 2 x R i.e. of the universal cover of 
Type c admits a unique Seifert bundle structure with e = whose base is a hyperbolic 
orbifold. It comes from e = that the quotient is finitely covered by an orientable trivial 
S^-bundle over an orientable compact hyperbolic 2-manifold. Since each quotient admit 
a unique Seifert bundle structure, the topologies of the quotients are completely classified 
by whether the base orbifold is orientable or not, the genus g of the base, the number k 
of cone points, and the Seifert invariants («j, f3i)(i — 1, • • • , k) consistent with e = 0. 

The dimension T of the Teichmuller space is given by 8g — 5 + 2k if the base orbifold 
is orientable and Ag — 6 + 2k if nonorientable. One degree of freedom corresponds to the 
length of the circle relative to the base. The remainder correspond to the dimension of the 
Teichmuller space of the base orbifold and the twist of the fiber around each nontrivial 
closed curve of the base orbifold. In the former case the dimension of the Teichmuller 
space of the base is 6g — 6 + 2k where 2k corresponds to the positions of the cones on 
the 2-surface, and the base has 2g independent nontrivial closed curves. In the latter case 
the dimension of the Teichmuller space of the base is 3g — 6 + 2k. There are g generators 
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of the fundamental group of the base but the twists of the fiber around them have g — 1 
degrees of freedom because of conjugacy. 



5.4 Type d 

Similar to Type c, any compact quotient of SL(2,R) i.e. of the universal cover of 
Type d admits a unique Seifert bundle structure whose base is a hyperbolic orbifold but 
with e ^ 0. Each quotient admit a unique Seifert bundle structure. The topologies are 
completely classified by whether the base orbifold is orientable, the genus g of the base 
orbifold, the number k of cone points, and the Seifert invariants = 1, • • • , k) and 

the Euler number e(^ 0). 

The dimension T of the Teichmiiller space is given by 8g — 6 + 2k if the base orbifold 
is orientable and 4g — 7 + 2k if it is nonorientable. This is the same as the case of Type 
c but the length of the fiber must be fixed because the universal cover Type d is the 
unit tangent bundle of SL(2,R). Note that this degree of freedom exists in the universal 
cover. In fact, universal covers which have the same isometry group can be obtained if 
we consider a tangent bundle of the constant length not equal to one; the parameter A in 
Sec.^4.2.4] is this degree of freedom. 



5.5 Type e 

The geometry (H 3 , Isomif 3 ) admits infinite number of compact quotients. It is known 
that quotients of (H 3 , Isomif 3 ) can be classified by the fundamental group. It has also 



been shown by Mostow |T8[ that each quotient does not admit Teichmiiller deformations. 
There are no degree of freedoms of the universal cover nor the Teichmiiller parameters. 
We do not investigate the variety of quotients of this type further because the problem is 
not completely solved and we have already known the degrees of freedom of all quotients. 
The variety of quotients is discussed by Thurston [19 . 
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5.6 Type f 

Any compact quotient of Sol i.e. Type f2 is a T 2 -bundle over S 1 . Conversely, any 
T 2 -bundle over S 1 with hyperbolic glueing map admits a Sol-structure. The fundamental 
group is 

7Ti(M) = (a, b, c; [a, 6], cacTV 1 , cbc~ l ab~ n ), (145) 
i.e. it is generated by a, b and c which obey relations 



[a,b] = 1, 
cac -1 = 6, 
cbc- 1 = a' 1 ^. 



(146) 
(147) 
(148) 



Here c is the generator of the fundamental group of the base S l , while a and b are those of 
the fiber T 2 . The equations ( |147| ) and (|148|) indicate that when one goes around the base 
S* 1 the fiber T 2 is identified by a modular transformation. The topologies are classified 
by an integer n satisfying \n\ > 2. Note that if n — — 1, or 1 the fundamental group can 
be realized in IsomM al (IsomM a2 ); in fact they coincide with the fundamental groups of 



quotients al/3, al/4 and al/5 (a2/3, a2/4 and a2/5) in Sec|5.1|, respectively. 



All representations of tt\M in Isom + Mf2 are in Isom + Mfi. If n is positive the repre- 
sentations are in IsomoMn = Sol. Expressing generators with their components in Sol 
as 



a 2 



V c 3 y 



(149) 



and putting them into ( |147| ) and (|148|) , we have 




e" C3 



3 C3 




(150) 
(151) 



Then ( |14(j| ) is trivial. The equation ( |151| ) is an eigenvalue equation. The numbers e" 
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1 

and e C3 are eigenvalues of | | , i.e. 

— 1 n 



c 3 = In 



n 



(152) 



and 





\ 






( 






' u 2 


\ 






M. 


a 2 


-> 








= a 














J 




V ^ J 


\ 


b 2 J 




V 1,2 


J 



(153) 



where 



Ui 



and 



u 2 
v 2 



are the normalized eigenvectors corresponding to the eigen- 
values e~ C3 and e C3 , respectively. The generators are 

f .... \ f .... \ ( \ 

(154) 





aui 




avi 




Cl 


a = 


f3u 2 


,b = 


I3V2 


,c = 


c 2 




{ ) 




{ ) 




V C3 J 



where a and (3 are positive parameters. 

If n is negative the representations are generated by 

/ \ 





aui 




avi 




Cl 


a = 


(3u 2 


,6 = 


(3v 2 


,c — ho 


c 2 




{ ) 




{ J 




[c 3 



(155) 





( l\ 




' U1 ^ 




< u 2 \ 


where — e C3 and — e C3 are eigenvalues of 






and 






y-l n) 








yv 2 ) 



are correspond- 



ing unit eigenvectors; and h : (x,y,z) i— > (— x, —y,z). 



Representative elements of the equivalence classes corresponding to points in Te- 
ichmuller space are obtained by taking conjugate of representations by IsomoMfi = Sol. 
One finds that 



a = 



( \ 



au 2 



V / 



( \ 

avi 



av 2 



v / 



, c = 





v c 3/ 



(156) 
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for n > and 



/ \ 

au2 

\ / 



/ \ 

avi 



av 2 




c— ho 



^0^ 



V c 3 y 



(157) 



for n < 0. The Teichmiiller spaces are 1-dimensional and is parametrized by a. 
It can be regarded as the size of the torus relative to the length of the circle. 



5.7 Type g 

There are infinite number of compact quotients of S 3 i.e. Type g3, all of which have 
finite fundamental groups. They do not admit any Teichmiiller deformations, i.e. T = 
for all quotients. It is known that any freely acting discrete subgroup of IsomM 9 3, i.e. 
SO(4) in IsomM g2 , i.e. (SU(2) x U(l))/Z 2 (Theorem 4.10 of Q). 

The quotients S 3 /T which can be modeled on (M, IsomM s i) are as below, where n is 
a positive integer, (qi, q 2 ) denotes an element of SU(2) x SU(2), and Z 2 in the expression 

of r is {(i,i), (-1,-1)}. 

l)Lens spaces L(4n, 1). 



T = {( e 2-x 3 (W4n) ;±1 ) | m = o,--.,4n-l}/Z 2 
~ Z 4n . 



2) Lens spaces L{2{2n — 1), 1). 

T = {( e 2 ^3(m/2(2n-l)) j±1 ) | m = Q, . . . , 2(2n - 1) - 1} / Z 2 
— Z 2 (2n-1)- 

The manifold P 3 corresponds to the case of n — 1. 

3) Lens spaces L(2n — 1, 1). 



r = {(e 



27r X 3(l/2(2n-l)) _i\m 



l) m | m = 0,-- -,2(2/1- 1) - 1} /Z 5 



(158) 



(159) 



Z 2n -1- 



(160) 



The manifold S 3 corresponds to the case of n = 1. 
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4) Lens spaces L(4(2n - 1), 2(2n - 1) + 1). 

r = {( e 2TX3(W2(2n-i) ))?2) | m = ,...,2(2n-l)-l; q 2 = ±1,± X3 } / Z 2 

= {( e 2 -X3(l/(2n-l)) ) ^^m^ ( _ e 2 7 TX3(l/(2n-l)) ) | m — 0, ■ • • , 4(2n - l) - 1; } / Z 2 

^ Z 4 (2n-1). (161) 

5) Prism manifolds L(4(2n - l),2(2n - 1) + 1)/Z 2 . 

r = {(e 2 ^/ 2 ^- 1 )),^) |m = 0,...,2(2n-l)-l; q 2 = ±l,± Xi (i = 1,2,3)} /Z a 
~ Z 2n ^xD*. (162) 



6)5 3 /r with 



7)5 3 /r with 



8)S 3 /r with 



r = (T* x {±1})/Z 2 ^ T*. (163) 



r = (O* x {±1})/Z 2 ~0*. (164) 



r = (r x{±i})/z 2 ~r. (165) 



Here D*, T*, O* and J* denote the preimages of D n , T, O and / by the homomorphism 
SU(2) — > SO(3), where D n , T, O and I denote the dihedral, tetrahedral, octahedral, icosa- 



hedral groups, respectively [14 



The lens spaces and the prism manifolds of the above types have two degrees of freedom 
of the universal cover and zero Teichmuller parameter, so that the total degrees of freedom 
is two. 

The other quotients are modeled on (M, IsomM g2 ) but not on (M, IsomM g i). These 
have one degree of universal cover and zero Teichmuller parameter, so that the total 
degrees of freedom is one. 

We do not investigate the variety of the finite subgroups of IsomM s2 because we have 



already known the degrees of freedom. The variety of quotients is discussed in [14[ . 
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5.8 Type h 

It is known that there exist only two compact, orientable manifold modeled on 5 2 x R 
i.e. Type h. 

1) The fundamental group is isomorphic to Z i.e. 

tti(M) = (a). (166) 

The manifold is S 2 x S 1 . 

2) The fundamental group is 

tt^M) = (a,b;a 2 ,b 2 ). (167) 

The manifold is P 3 #P 3 , which can be regarded as an S^-bundle over P 2 . 
The representation of 7Ti(Mh/i) in Isom + Mh is generated by 

a=(R,t) (168) 

where R G SO(3) and t is a translation on R. So Rep(M) is 4-dimensional. 

Let P(n, 9) denote a rotation around axis n and with rotation angle 9, and t a denote 



a translation z t— > z + a. The conjugate of ( |168| ) by an element of Isom Mh is 



(R',t a ,)(R(ti;9),t a )(R'~\t^ a ,) = (R(R'h';9),t a ), (169) 

which states that the rotation axis is changed by conjugation but the rotation angle and 
the length of translation are not. Thus the representative element of the conjugacy class 
corresponding to a point in Teich(M) is generated by 

a = (R(h ,9),t a ) (170) 

where no is a fixed axis. The Teichmiiller parameters are a G R — {0} and < 9 < ir with 
9 = and 9 = ir reflector points, which are the length of S 1 relative to the size of S 2 and 
the twist angle of S* 2 when one goes around S 1 . The Teichmiiller space is 2-dimensional. 
Let us find representations of in Isom + Mh. An element a of Isom + Mh is written 

as 

a = h p o(R,t a ) (171) 
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where h is a combination of the antipodal map of S 2 and a reflection of R at 0, and p is 
or I. The number p must be 1 to satisfy the relation a 2 = 1. Otherwise the second entry 
of a 2 would be a translation by 2a. If p = 1 then a is written as 

a = (-R,r_ a/2 ) (172) 

where r a denotes a reflection at a point a G R. Since a 2 = (R 2 , 1), the rotation angle must 
be or 7r to satisfy the relation a 2 = 1. The latter case is excluded by the requirement 
that a should have no fixed points. So the representation is generated by 

a = (-l,r_ / 2 ),& = (-l,r_ 6 / 2 ) (173) 

where a, 6 G R — {0} and a ^ b. 

The representative element of the conjugacy class has generators 

a = (-l,r_ a/2 ),6 = (-l,r ). (174) 

The Teichmiiller parameter is a. It is the length of a nontrivial closed curve corresponding 
to ab. The dimension of the Teichmiiller space is one. 

5.9 Summary of the section 

The compact quotients and their dynamical degrees of freedom are in Table 3. The 
total degrees of freedom F is the sum of the degrees of freedom U of the universal cover 
and the dimension T of the Teichmiiller space. 

In the cases that the universal covers are Type al and Type a2, we only show the 
cases of Type al. This is because a quotient of Type a2 is obtained as the special case of 
a quotient of Type al; the universal cover parameters are fixed as A + = A_ = 0. 

Similarly, in the cases of Types f and g, we choose the universal cover which have the 
largest U. 
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6 Conclusion and discussions 



We have worked out the classification of topologies of compact locally homogeneous 
universes except for hyperbolic 3-manifolds by studying possible fundamental groups for 
each Thurston geometry. 

We have shown that the total global degrees of freedom of compact locally homoge- 
neous spaces consist of two parts. One is the universal cover parameters while the other 
is the Teichmiiller parameters which parametrize the discrete subgroup T of the isometry 
group. The Teichmiiller parameters are obtained by constructing the representation of 
the fundamental group in the isometry group. 

Intuitively the difference of the two degrees of freedom is the following. Assuming 
the homogeneity of the Universe one can locally determine the universal cover degrees of 
freedom by measuring all ratios of the sectional curvatures. In a sense these are interpreted 
as local anisotropies. In order to know the Teichmiiller parameters, on the other hand, 
we probably have to send many space explorers, who are supposed to measure the times 
taken by all possible round trips around non-trivial loops, etc.. In short, the Teichmulller 
parameters are global quantities. 

We have not discussed the dynamics of our compact universes in the present work. In 
a separate paper we will study the Einstein gravity for a compact locally homogeneous 
universes. 

Thurston conjectured that all possible topologies of compact 3-manifolds can be clas- 
sified to be connected sums and torus sums of the prime manifolds which are given by 
the compact quotients of the eight geometries PUJ. This may lead us to a speculation 
that at least some aspects of general inhomogeneous universes are understood by studying 
combinations of the compact locally homogeneous spaces. 

It will be also interesting to investigate quantum field theory in the compact locally 
homogeneous spaces which have non-trivial topologies. We naturally expect the Cashmir 
effects, etc.. 

We hope our present work furnishes a mathematical base on which a new field of 
cosmology develops. 
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Appendix 

It is proved that the Bianchi Class B geometries |2l| (R 3 , G) do not admit compact 
quotients (12], |22| . It can be shown by the same argument that a geometry (G, G) where G 
is a Lie group of any dimension admits compact quotients only if the trace of the structure 
constants vanishes. Let G a group manifold which admits a compact quotient G/Y. The 
invariant 1-forms {a" 1 } define the volume element 

e = a 1 A • • • A a N (175) 

on G, where N = dimG. Let {Xi} the dual basis of {ex*}. It is easily verified that 

Cxe = g lJ C k lk C l 3l e (176) 

and 

ExptX G Aut(G), (177) 

where 

X = g ij C k ik Xj (178) 

If C k ik 7^ 0, this means that there is a diffeomorphism from G/Y onto G/Y which changes 
its volume. This contradicts the compactness of G/Y. 

The case of N = 3 states that the Bianchi Class B geometries do not admit compact 
quotients. It should be noted that an invariant metric under a Bianchi Class B group 
may have compact quotients when the isometry group may be larger than that Bianchi 
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group. For example, a Bianchi V-invariant metric is invariant under PSL(2,C) and admits 
compact quotients. 

It can be shown by using the case of N = 2 of the above theorem that the geometry 
(R 3 , SL(2, R)), which belongs to the Bianchi Class A, does not admit compact quotients. 
The case of N = 2 of the above theorem states that the group H 2 does not admit 
compact quotients, where H 2 is a simply connected 2-dimensional Lie group defined by 
the following multiplication rule: 



/ 


a\ 


(')- 


( 


a + bx \ 


V 




V v J 


{ 


by ) 



(179) 



The group SL(2,R) is a semidirect product of R and H 2 group. The manifold can be 
considered as a R-bundle over R 2 ; the base is considered as a geometry (R?,H 2 ). Since 
the action of SL(2, R) on R 3 is fiber preserving, any quotient of the geometry inherits 
the same bundle structure. This implies that any compact quotient of (R 3 ,SL(2,R)) 
has a Seifert bundle structure over a compact orbifold modeled on (R 2 ,H 2 ). Since the 
base orbifold must be finitely covered by a compact surface the necessary condition for 
(R 3 ,SL(2,R)) to admit compact quotients is that the base (H 2 ,H 2 ) admits compact 
quotients. However, this is not satisfied as we have already seen. 
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Table Captions 

Table 1: All equivalence classes of 

{homogeneous metrics on a simply connected manifold which admit compact quotients} 
{diffeomorphisms} {global conformal transformations} 

i.e. all universal covers of compact locally homogeneous Riemannian manifolds. 
Table 2: All equivalence classes of 

{homogeneous metrics on a simply connected manifold which admit compact quotients} 
{orientation preserving diffeomorphisms} {global conformal transformations} 

i.e. all universal covers of orientable, compact locally homogeneous Riemannian manifolds. 

Table 3: Degrees of freedom of compact locally homogeneous universes. The plus 
and minus signs in the Types c and d denote that the base orbifold of the Seifert bundle 
is orientable and nonorientable, respectively. 
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